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Abstract. According to the “Hill rolling force formula”, taking particular account of the influence 
from horizontal vibration of rolled piece in roll gap, a dynamic rolling force model is analyzed. 
Considering the interaction between vibration of strip and roll, the dynamic vibration model of 
rolling mill is established. On this basis, the time delayed feedback is introduced to control the 
vibration of the roll system. The amplitude frequency response of the coupled vibration control 
equation is obtained by using the multiple scales method. Different time delay parameters are 
selected to test the control effect. Research results show that the unstable vibration of the roll 
system can be suppressed with appropriate time delay feedback parameters. Because it is simpler 
and has good control effect in solving nonlinear mechanical vibration, so these results will make 
a difference for the research of strip mill vibration, and provide theoretical basis for strip steel 
production. 
Keywords: strip rolling mill, dynamic rolling force, multiple scales method, stability analysis, 
time delayed feedback. 
1. Introduction 
Strip steel has been widely used in automobile, aviation, petroleum, chemical industry and so 
on. It brings great convenience to our life [1]. In fact, the production of strip steel is a very complex 
process, in which cold rolling is the key step to the quality of strip steel [2]. With the development 
of society, the surface quality of strip mill has been put forward higher requirements [3]. In cold 
rolling process, the roll system always happen vibration, so this may leave vibration marks on the 
surface of strip steel. It will seriously affect the product quality and service life [4, 5].  
The research on the vibration of strip rolling mill has lasted for several decades, scholars have 
done a lot of research from various angles, some of which play a significant role in guiding 
production. In which, Yun et al. formulated a 2-DOF coupling model by coupling the horizontal 
vibration and vertical vibration of rolls, then the expression of dynamic component of the rolling 
force was derived, and they applied it in the mill structure [6, 7]. Noriki et al. investigated the 
vibration stability of the rolling mill based on a self-excited vibration model; they proposed a high 
productivity control system aiming at preventing chatter in high speed cold rolling [1, 8]. In Sung’s 
paper, an adaptive fault compensation control approach was proposed for a class of uncertain 
nonlinear systems with unknown multiple time-varying delayed nonlinear faults [9, 10]. Zhang et 
al. researched on the rolling mill vibration caused by flexural-vibration of the strip, and presented 
an electromechanical coupling vibration model of rolling mill. The unsteady vibration 
phenomenon has been explained, and importance to the parametric vibration of the rolling mill is 
attached [11, 12]. Orlowska-Kowalska et al. proposed an adaptive robust control system. The 
experiment proved that the system had good damping effect and successfully suppressed the 
torsional vibration of the rolling mill [13]. Fang et al. designed an adaptive synovial variable 
structure controller to ensure the good stability of the hydraulic servo system, which has a certain 
inhibitory effect to the vibration of rolling mills [14]. 
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In this paper, considering the effect of horizontal vibration of rolled piece, dynamic vibration 
model of the roll system is established, and a kind of time delayed feedback is introduced into the 
vibration system to analyze the roll system. The dynamic characteristics of the roll system are 
analyzed with different time delay parameters. The simulation results show that the model is 
effective and feasible. By optimizing the parameters of time delay, the unstable vibration of rolling 
system can be suppressed. 
2. Dynamic formula of rolling force and friction 
The rolling force can be calculated by Hill equation as follows [15]: 
ܨ = ܤ݈௖ܳ௣ܭ்ܭ, (1)
where: 
ܤ – the width of rolled piece; 
݈௖ – the contact length between roll and rolled piece in deformation zone, ݈௖ = √ܴ∆ℎ; 
ܳ௣ – the influential coefficient in stressed state, ܳ௣ = 1.08 + 1.79ߤߝ√1 − ߝටோு − 1.02ߝ; 
ܭ் – the tension coefficient, ܭ் = 1 − ଴.଻ఛ್ା଴.ଷఛ೑௄ ; 
ܭ – the average deformation resistance of materials, ܭ = 1.15ܽ଴ ቀଵଷ ߝ଴ +
ଶ
ଷ ߝଵቁ
௔భ; 
ܽ଴, ܽଵ – the regression coefficient of the model; 
ܴ – the work roll radius; 
∆ℎ – reduction quantity of rolled piece, ∆ℎ = ܪ − ℎ − 2ݕ; 
ܪ – the entrance thickness of rolled piece; 
ℎ – the exit thickness of rolled piece; 
ݕ – the vibration displacement of rolls; 
ߝ – the reduction rate of rolled piece, ߝ = ∆ℎ ܪ⁄ ; 
ߝ଴ – the reduction rate of frame ingress, ߝ଴ = (ܪഥ − ܪ) ܪഥ⁄ ; 
ߝଵ – the reduction rate of frame egress,ߝଵ = (ܪഥ − ℎ) ܪഥ⁄ ; 
ܪഥ – the thickness of pre-rolling rolled piece; 
߬௙ and ߬௕ – the forward and backward tensile stress of rolled piece; 
ߤ is the friction coefficient of roll gap, it may be expressed as follows: 
ߤ = ඨ∆ℎܦ ൣ0.5 + (ܭଵ − 0.5)݁
ି௄మ(௩బା௫ሶ)൧, (2)
where, ܭଵ and ܭଶ are the friction characteristic coefficients; ܦ is the work roll diameter; ݒ଴ is 
work roll rotational speed; ݔሶ  is the relative vibration speed of rolled piece in roll gap; considering 
that ܭଶ ⋅ ݔሶ ≪ 1, so the Roberts equation can be simplified as: 
ߤ = ߤ(0,0) + ∆ߤ, (3)
where: 
ە
۔
ۓߤ(0,0) = ඨܪ − ℎܦ ሾ0.5 + (ܭଵ − 0.5)݁
ି௄మ௩బሿ,
∆ߤ = ܾଵݔሶ + ܾଶݕ + ܾଷݔሶ ଶ + ܾସݔሶݕ + ܾହݕଶ + ܾ଺ݔሶ ଷ + ܾ଻ݔሶ ଶݕ + ଼ܾݔሶݕଶ + ܾଽݕଷ,
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where: 
ܾ଴ = ߤ(0,0),   ܾଵ =
߲
߲ݔሶ ߤ(0,0),   ܾଶ =
߲
߲ݕ ߤ(0,0),   ܾଷ =
1
2!
߲ଶ
߲ݔሶ ଶ ߤ(0,0),   
 ܾସ =
߲ଶ
߲ݔሶ߲ݕ ߤ(0,0),     ܾହ =
1
2!
߲ଶ
߲ݕଶ ߤ(0,0),   ܾ଺ =
1
3!
߲ଷ
߲ݔሶ ଷ ߤ(0,0),    
ܾ଻ =
1
2
߲ଷ
߲ݔሶ ଶ߲ݕ ߤ(0,0),   ଼ܾ =
1
2
߲ଷ
߲ݕଶ߲ݔሶ ߤ(0,0),    ܾଽ =
1
3!
߲ଷ
߲ݕଷ ߤ(0,0).  
When rolling process is stable, ݔሶ = 0, ݕ = 0. Substituting Eq. (2) into Eq. (1), then expanding 
Eq. (1) at equilibrium point by Taylor equation, the rolling force can be represented as: 
ܨ = ܨ(0,0) + ∆ܨ, (4)
where: 
ቊܨ(0,0) = 1.15ܽ଴ܤܮଵܮଶ√ܴܪ − ℎ,∆ܨ = ܫଵݔሶ + ܫଶݕ + ܫଷݔሶ ଶ + ܫସݔሶݕ + ܫହݕଶ + ܫ଺ݔሶ ଷ + ܫ଻ݔሶ ଶݕ + ଼ܫ ݔሶݕଶ + ܫଽݕଷ,
 
where: 
ܮଵ = ൬
1
3 ߝ଴ +
2
3 ߝଵ൰
௔భ
− 0.7߬௕ − 0.3߬௙, 
ܮଶ = 1.08 + ൫1.79ܾ଴݁ି௄మ௩బ√ℎܴ − 1.02ܪ൯ ൬
ܪ − ℎ
ܪଶ ൰,   ܫ଴ = ܨ(0,0),   ܫଵ =
߲
߲ݔሶ ܨ(0,0), 
ܫଶ =
߲
߲ݕ ܨ(0,0),   ܫଷ =
1
2!
߲ଶ
߲ݔሶ ଶ ܨ(0,0),   ܫସ =
߲ଶ
߲ݔሶ߲ݕ ܨ(0,0),   ܫହ =
1
2!
߲ଶ
߲ݕଶ ܨ(0,0), 
ܫ଺ =
1
3!
߲ଷ
߲ݔሶ ଷ ܨ(0,0),   ܫ଻ =
1
2
߲ଷ
߲ݔሶ ଶ߲ݕ ܨ(0,0),   ଼ܫ =
1
2
߲ଷ
߲ݕଶ߲ݔሶ ܨ(0,0),   ܫଽ =
1
3!
߲ଷ
߲ݕଷ ܨ(0,0). 
According to the Friction theory, the friction formula can be written as: 
ܨ௙ = 2(ߤ(0,0) + ∆ߤ) × (ܨ(0,0) + ∆ܨ), (5)
where, ߤ(0,0)  and ܨ(0,0)  are the steady-state values, ∆ߤ  and ∆ܨ are the dynamic variable 
quantities; Take the main part of the friction force, Eq. (5) can be written as: 
∆ܨ௙ = 2ߤ(0,0)∆ܨ + 2∆ߤܨ(0,0). (6)
By substituting Eq. (3) and Eq. (4) into Eq. (6), the expression of ∆ܨ௙ can be obtained: 
∆ܨ௙ = 2ܾ଴ሾܫଵݔሶ + ܫଶݕ + ܫଷݔሶ ଶ + ܫସݔሶݕ + ܫହݕଶ + ܫ଺ݔሶ ଷ + ܫ଻ݔሶ ଶݕ + ଼ܫ ݔሶݕଶ + ܫଽݕଷሿ
     +2ܫ଴ሾܾଵݔሶ + ܾଶݕ + ܾଷݔሶ ଶ + ܾସݔሶݕ + ܾହݕଶ + ܾ଺ݔሶ ଷ + ܾ଻ݔሶ ଶݕ + ଼ܾݔሶݕଶ + ܾଽݕଷሿ. (7)
3. Coupled vibration control model of strip mill 
Based on the classic Yun model, considering the influence of the horizontal vibration, the 
rolling mill coupling vibration model is established as shown in Fig. 1. 
In Fig. 1, ݉ is the mass of rolled piece in roll gap, it can be obtained by the equation ݉ = ߩܸ; 
where ߩ is the rolled piece density, ܸ is the volume of rolled piece in roll gap, and it may be 
approximately expressed as: 
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ܸ = ܤ݈௖(ܪ + ℎ)2 . (8)
The wave force of rolled piece in the forward and backward sliding zones is equivalent to the 
force function. Its stiffness can be written as: 
݇௙ =
߬௙ ௙ܵ
ܮ௙ௗ ,   ݇௕ =
߬௕ܵ௕
ܮ௕ௗ  
, (9)
where: 
߬௙ and ߬௕ – forward and backward tension of rolled piece; 
௙ܵ and ܵ௕ – forward and backward cross-sectional area of rolled piece; 
ܮ௙ௗ and ܮ௕ௗ – forward and backward deformation length of rolled piece.  
ܿ – equivalent damping of the damping effect between the roll and rolled piece; 
݉ଵ and ݉ଶ – respectively the equivalent mass of upper and lower rolls; 
݇ଵ and ݇ଶ – the equivalent stiffness of upper and lower rolls; 
ܿଵ and ܿଶ – the equivalent dumping of upper and lower rolls; 
ݕଵ and ݕଶ – the vibration displacement of upper and lower rolls; 
ܨ∗ – the external disturbance force of rolls. 
Considering the symmetry of mechanical structure and vibration behavior of strip mill, exist 
ݕ = (ݕଵ + ݕଶ) 2⁄ , ܯ = ݉ଵ = ݉ଶ, ܥ = ܿଵ = ܿଶ, ܭ = ݇ଵ = ݇ଶ.
 Based on the generalized dissipation Lagrange principle, the dynamic equilibrium equations along the direction of rolling line and the middle axis are constructed respectively: 
ቊ݉ݔሷ + 2ܿݔሶ + ൫݇௕ + ݇௙൯ݔ = 2ܾ଴∆ܨ + 2ܫ଴∆ߤ,ܯݕሷ + ܥݕሶ + ܭݕ = ∆ܨ + ܨ∗ + ܨ௖,  (10)
where, ܨ௖ = ଵ݃ݕ(ݐ − ߬ଵ) + ݃ଶݕሶ(ݐ − ߬ଶ), ܨ௖ is a function introduced to control unstable vibration 
of rolling mills because it has good control effect in solving nonlinear mechanical vibration. ଵ݃, 
݃ଶ – feedback gain coefficient; ߬ଵ, ߬ଶ – time delay parameter. 
 
Fig. 1. Structure model of strip mill 
1y
2y
m
x
* cF F
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4. Coupling system solution of strip mill based on time delay feedback   
Assuming that the system is subjected to periodic external disturbances, set ܨ∗ = ܨ଴cosΩݐ. By 
transposition and replacement, Eq. (11) is transformed into a standard form: 
ቊݔሷ + ߱ଵ଴
ଶ ݔ = ߝ൫̂ߟଵଵ∆ܨ + ̂ߟଵଶ∆ߤ − ߚመଵݔሶ൯,
ݕሷ + ߱ଶ଴ଶ ݕ = ߝ൫̂ߟଶଵ∆ܨ + ̂ߟଶଶܨ∗ − ߚመଶݕሶ + ̂ߟଶଷܨ௖൯.
 (11)
In Eq. (11), ߱ଵ଴ = ඥ(݇௙ + ݇௕) ݉⁄ ; ̂ߟଵଵ = ̂ߟଵଶ = 1 ߝ݉⁄ ; ߚመଵ = 2ܿ ߝ݉⁄ ; ̂ߟଶଵ = ̂ߟଶଶ = ̂ߟଶଷ =
1 ߝܯ⁄ ; ߚመଶ = ܥ ߝܯ⁄ ; ߱ଶ଴ = ඥܭ ܯ⁄ . ߝ is a little parameter. For finding a nonlinear approximate 
solution of Eq. (11), two times scales of ଴ܶ = ݐ and ଵܶ = ߝݐ are selected. By using multiple scales 
method, set the solution of Eq. (11) as: 
൜ݔ = ݔ଴( ଴ܶ, ଵܶ) + ߝݔଵ( ଴ܶ, ଵܶ),ݕ = ݕ଴( ଴ܶ, ଵܶ) + ߝݕଵ( ଴ܶ, ଵܶ). (12)
Substituting Eq. (12) into Eq. (11) and separating terms of each order of, one has: 
൜ܦ଴
ଶݔ଴ + ߱ଵ଴ଶ ݔ଴ = 0,
ܦ଴ଶݕ଴ + ߱ଶ଴ଶ ݕ଴ = 0, (13)
ە
ۖۖ
ۖ
ۖۖ
۔
ۖۖ
ۖۖ
ۖ
ۓܦ଴ଶݔଵ + ߱ଵ଴ଶ ݔଵ = ̂ߟଵଵ ቎
ܫଵܦ଴ݔ଴ + ܫଶݕ଴ + ܫଷ(ܦ଴ݔ଴)ଶ
+ܫସܦ଴ݔ଴ݕ଴ + ܫହݕ଴ଶ + ܫ଺(ܦ଴ݔ଴)ଷ
+ܫ଻(ܦ଴ݔ଴)ଶݕ଴ + ଼ܫ ܦ଴ݔ଴ݕ଴ଶ + ܫଽݕ଴ଷ
቏
     +̂ߟଵଶ ቎
ܾଵܦ଴ݔ଴ + ܾଶݕ଴ + ܾଷ(ܦ଴ݔ଴)ଶ
+ܾସܦ଴ݔ଴ݕ଴ + ܾହݕ଴ଶ + ܾ଺(ܦ଴ݔ଴)ଷ
+ܾ଻(ܦ଴ݔ଴)ଶݕ଴ + ଼ܾܦ଴ݔ଴ݕ଴ଶ + ܾଽݕ଴ଷ
቏ − ߚመଵܦ଴ݔ଴ − 2ܦ଴ܦଵݔ଴,
     
ܦ଴ଶݕଵ + ߱ଶ଴ଶ ݕଵ = ̂ߟଶଵ ቎
ܫଵܦ଴ݔ଴ + ܫଶݕ଴ + ܫଷ(ܦ଴ݔ଴)ଶ
+ܫସܦ଴ݔ଴ݕ଴ + ܫହݕ଴ଶ + ܫ଺(ܦ଴ݔ଴)ଷ
+ܫ଻(ܦ଴ݔ଴)ଶݕ଴ + ଼ܫ ܦ଴ݔ଴ݕ଴ଶ + ܫଽݕ଴ଷ
቏
     −ߚመଶܦ଴ݕ଴ + ̂ߟଶଶܨ଴cosΩ ଴ܶ − 2ܦ଴ܦଵݕ଴ + ଵ݃ݕ଴( ଴ܶ − ߬ଵ, ଵܶ − ߝ߬ଵ)
     +݃ଶܦ଴ݕ଴( ଴ܶ − ߬ଶ, ଵܶ − ߝ߬ଶ).
 (14)
The solution of Eq. (13) is setting as: 
ቊݔ଴ = ܣ( ଵܶ)݁
௜ఠభబ బ் + ̅ܣ( ଵܶ)݁ି௜ఠభబ బ் ,
ݕ଴ = ܤ( ଵܶ)݁௜ఠమబ బ் + ܤത( ଵܶ)݁ି௜ఠమబ బ். (15)
Substituting Eq. (15) into Eq. (14), and system internal resonance is taken into account. By 
using the small scale detuning parameters, the frequencies are redefined as: Ω = ߱ଶ଴ + ߝߪ ;  
߱ଵ଴ = ߱ଶ଴ + ߝߪଵ. Where, ߪ and ߪଵ are detuning parameters. To solve Eq. (15), it is convenient 
to express the solution in polar form: 
ܣ = 12 ܽ݁
௜ఏభ,   ܤ = 12 ܾ݁
௜ఏమ, (16)
where, ܽ, ܾ, ߠଵ, ߠଶ both are the functions of ଵܶ. In order to obtain the solution of equation set, 
introducing intermediate variables ߶,  ߮;  define that: ߶ = ߠଶ − ߠଵ − ߪଵ ଵܶ;  ߮ = ߪ ଵܶ − ߠଶ; 
Substituting ܣ, ܤ, ߶, ߮ into Eq. (14), the modulation equations are expressed as: 
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ە
ۖ
ۖ
ۖ
ۖ
۔
ۖ
ۖ
ۖ
ۖ
ۓܦ଴ଶݔଵ + ߱ଵ଴ଶ ݔଵ = ቎
̂ߟଵଵ(ܫଵܣ݅߱ଵ଴ + 3ܫ଺ܣଶ̅ܣ݅߱ଵ଴ଷ + 2଼ܫ ܣܤܤത݅߱ଵ଴)
+̂ߟଵଶ(ܾଵܣ݅߱ଵ଴ + 3ܾ଺ܣଶ̅ܣ݅߱ଵ଴ଷ + 2଼ܾܣܤܤത݅߱ଵ଴)
−ߚመଵܣ݅߱ଵ଴ + 2ܦଵܣ݅߱ଵ଴
቏ ݁௜ఠభబ బ்
      ∙ ቈ̂ߟଵଵ(ܫଶܤ + 2ܫ଻ܣ̅ܣܤ߱ଵ଴
ଶ + 3ܫଽܤଶܤത)
+̂ߟଵଶ(ܾଶܤ + 2ܾ଻ܣ̅ܣܤ߱ଵ଴ଶ + 3ܾଽܤଶܤത)቉ ݁
௜ఠమబ బ் + ⋯ + ܿܿ,
ܦ଴ଶݕଵ + ߱ଶ଴ଶݕଵ = ̂ߟଶଵ(ܫଵܣ݅߱ଵ଴ଶ + 3ܫ଺ܣଶ̅ܣ݅߱ଵ଴ଷ + 2଼ܫ ܣܤܤത݅߱ଵ଴)݁௜ఠభబ బ்
      ∙ ቈ̂ߟଶଵ(ܫଶܤ + 2ܫ଻ܣ̅ܣܤ߱ଵ଴
ଶ + 3ܫଽܤଶܤത)
−ߚመଶܤ݅߱ଶ଴ − 2ܦଵܤ݅߱ଶ଴ ቉ ݁
௜ఠమబ బ் + ( ଵ݃ܤ݁௜ఠమబఛభ + ݃ଶ݅߱ଶ଴݁௜ఠమబఛమ)݁௜ఠమబ బ்
     + ̂ߟଶଶܨ଴2 ݁
௜ஐ బ் + ⋯ + ܿܿ.
 (17)
4.1. System response in the case of primary resonance  
In the case of the system main resonance, ߱ଶ଴ far away from ߱ଵ଴, ߱ଶ଴ infinitely close Ω. 
Assuming that, Ω = ߱ଶ଴ + ߝߪ, where, ߪ is the frequency tuning factor. By substituting Ω into  
Eq. (17) and eliminating the duration of the system, the expression can be obtained 
ۖە
۔
ۖۓ̂ߟଵଵ(ܫଵܣ݅߱ଵ଴ + 3ܫ଺ܣ
ଶ̅ܣ݅߱ଵ଴ଷ + 2଼ܫ ܣܤܤത݅߱ଵ଴)
     +̂ߟଵଶ(ܾଵܣ݅߱ଵ଴ + 3ܾ଺ܣଶ̅ܣ݅߱ଵ଴ଷ + 2଼ܾܣܤܤത݅߱ଵ଴) − ߚመଵܣ݅߱ଵ଴ − 2ܦଵܣ݅߱ଵ଴ = 0,
̂ߟଶଵ(ܫଶܤ + 2ܫ଻ܣ̅ܣܤ߱ଵ଴ଶ + 3ܫଽܤଶܤത) − ߚመଶܤ݅߱ଶ଴ − 2ܦଵܤ݅߱ଶ଴ + ଵ݃ܤ݁௜ఠమబఛభ
     +݃ଶ݅߱ଶ଴݁௜ఠమబఛమ +
̂ߟଶଶܨ଴
2 ݁
௜ఙ భ் = 0.
 (18)
In order to solve Eq. (18), the polar coordinates of ܣ, ܤ are introduced: 
ܣ = 12 ܽ݁
௜ఏభ,   ܤ = 12 ܾ݁
௜ఏమ, (19)
where, ܽ , ܾ , ߠଵ , ߠଶ  both are the functions of ଵܶ . Introducing intermediate variables ߮ , set  
߮ = ߪ ଵܶ − ߠଶ. Bring Eq. (19) into Eq. (18), there is: 
ە
ۖ
ۖ
۔
ۖ
ۖ
ۓ̂ߟଵଵ ൬
1
2 ܫଵܽ݅߱ଵ଴ +
3
8 ܫ଺ܽ
ଷ݅߱ଵ଴ଷ +
1
4 ଼ܫ ܾܽ
ଶ݅߱ଵ଴൰ −
1
2 ߚመଵܽ݅߱ଵ଴
     +̂ߟଵଶ ൬
1
2 ܾଵܽ݅߱ଵ଴ +
3
8 ܾ଺ܽ
ଷ݅߱ଵ଴ଷ +
1
4 ଼ܾܾܽ
ଶ݅߱ଵ଴൰ − ሶܽ ݅߱ଵ଴ + ߠሶଵܽ߱ଵ଴ = 0,
̂ߟଶଵ ൬
1
2 ܫଶܾ +
1
4 ܫ଻ܽ
ଶܾ߱ଵ଴ଶ +
3
8 ܫଽܾ
ଷ൰ − 12 ߚመଶܾ݅߱ଶ଴ − ሶܾ ݅߱ଶ଴ + ߠሶଶܾ߱ଶ଴
     + 12 ଵܾ݃݁
௜ఠమబఛభ + 12 ݃ଶܾ݅߱ଶ଴݁
௜ఠమబఛమ + ̂ߟଶଶܨ଴2 ݁
௜ఝ = 0.
 (20)
The Eq. (20) are expanded into the real and imaginary parts, and then the parameters at the 
two ends of the equation are equal: 
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ە
ۖ
ۖ
ۖ
ۖ
۔
ۖ
ۖ
ۖ
ۖ
ۓ ሶܽ = ̂ߟଵଵ ൬
1
2 ܫଵܽ +
3
8 ܫ଺ܽ
ଷ߱ଵ଴ଶ +
1
4 ଼ܫ ܾܽ
ଶ൰ − 12 ߚመଵܽ
     +̂ߟଵଶ ൬
1
2 ܾଵܽ +
3
8 ܾ଺ܽ
ଷ߱ଵ଴ଶ +
1
4 ଼ܾܾܽ
ଶ൰ ,
ߠሶଵܽ = 0,
ߠሶଶܾ = −
̂ߟଶଵ
߱ଶ଴ ൬
1
2 ܫଶܾ +
1
4 ܫ଻ܽ
ଶܾ߱ଵ଴ଶ +
3
8 ܫଽܾ
ଷ൰
     + 12߱ଶ଴ ଵܾ݃cos߱ଶ଴߬ଵ +
1
2 ݃ଶܾsin߱ଶ଴߬ଶ −
̂ߟଶଶܨ଴
2߱ଶ଴ cos߮,
ሶܾ = − 12 ߚመଶܾ +
1
2߱ଶ଴ ଵܾ݃sin߱ଶ଴߬ଵ +
1
2 ݃ଶܾcos߱ଶ଴߬ଶ +
̂ߟଶଶܨ଴
2߱ଶ଴ sin߮.
 (21)
When the rolling system is stable, ሶܽ = ሶܾ = 0; ߠሶଵ = ߠሶଶ =0. The main resonance amplitude 
frequency equation of the system is obtained after the elimination of ߮: 
൤2̂ߟଶଵ߱ଶ଴ ߞ +
1
߱ଶ଴ ଵܾ݃cos߱ଶ଴߬ଵ + ݃ଶܾsin߱ଶ଴߬ଶ൨
ଶ
     + ൬ߚመଶܾ +
1
߱ଶ଴ ଵܾ݃sin߱ଶ଴߬ଵ + ݃ଶܾcos߱ଶ଴߬ଶ൰
ଶ
= ൬̂ߟଶଶܨ଴߱ଶ଴ ൰
ଶ
,
 (22)
where: 
ߞ = 12 ܫଶܾ +
1
4 ܫ଻ܽ
ଶܾ߱ଵ଴ଶ +
3
8 ܫଽܾ
ଷ,    ܽଶ = ̂ߟଵଵ(4ܫଵ + 2଼ܫ ܾ
ଶ) − 4ߚመଵ + ̂ߟଵଶ(4ܾଵ + 2଼ܾܾଶ)
3߱ଵ଴ଶ(ܫ଺̂ߟଵଵ + ܾ଺̂ߟଵଶ) . 
4.2. System response in the case of Internal resonance  
Considering the case of the system internal resonance, set, Ω = ߱  ଶ଴ + ߝߪ;  
߱ଵ଴ = ߱ଶ଴ + ߝߪଵ. ߪ and ߪଵ are the frequency tuning factor. In order to avoid the term in the 
equation, it must meet: 
ە
ۖۖ
ۖۖ
۔
ۖۖ
ۖۖ
ۓ̂ߟଵଵ ቆ ܫଵܣ݅߱ଵ଴ + ܫଶܤ݁
ି௜ఙభ భ் + 3ܫ଺ܣଶ̅ܣ݅߱ଵ଴ଷ
+2ܫ଻ܣ̅ܣܤ߱ଵ଴ଶ ݁ି௜ఙభ భ் + 2଼ܫ ܣܤܤത݅߱ଵ଴ + 3ܫଽܤଶܤത݁ି௜ఙభ భ்ቇ
     +̂ߟଵଶ ቆ ܾଵܣ݅߱ଵ଴ + ܾଶܤ݁
ି௜ఙభ భ் + 3ܾ଺ܣଶ̅ܣ݅߱ଵ଴ଷ
+2ܾ଻ܣ̅ܣܤ߱ଵ଴ଶ ݁ି௜ఙభ భ் + 2଼ܾܣܤܤത݅߱ଵ଴ + 3ܾଽܤଶܤത݁ି௜ఙభ భ்ቇ
− ߚመଵܣ݅߱ଵ଴ − 2ܦଵܣ݅߱ଵ଴ = 0,
̂ߟଶଵ ቆ ܫଵܣ݅߱ଵ଴݁
௜ఙభ భ் + ܫଶܤ + 3ܫ଺ܣଶ̅ܣ݅߱ଵ଴ଷ ݁௜ఙభ భ்
+2ܫ଻ܣ̅ܣܤ߱ଵ଴ଶ + 2଼ܫ ܣܤܤത݅߱ଵ଴݁௜ఙభ భ் + 3ܫଽܤଶܤതቇ
− ߚመ  ଶ ܤ݅߱ଶ଴ +
̂ߟଶଶܨ଴
2 ݁
௜ఙభ భ் − 2ܦଵܤ݅߱ଶ଴ + ଵ݃ܤ݁ି௜ఠమబఛభ + ݃ଶܤ݅߱ଶ଴݁ି௜ఠమబఛమ = 0.
 (23)
The Eq. (23) are expanded into the real and imaginary parts, and then the parameters at the 
two ends of the equation are equal: 
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ە
ۖ
ۖ
ۖ
۔
ۖ
ۖ
ۖ
ۓ ሶܽ = ̂ߟଵଵ߱ଵ଴ ߰ +
̂ߟଵଶ
2 ܧ −
1
2 ߚመଵܽ + ൤
̂ߟଵଵ
߱ଵ଴ ߞ +
̂ߟଵଶ
߱ଵ଴ ܨ൨ sin߮,
ܽ൫ ሶ߮ + ߶ሶ ൯ = ൤̂ߟଵଵ߱ଵ଴ ߞ +
̂ߟଵଶ
߱ଵ଴ ܨ൨ cos߮ + ܽ(ߪ − ߪଵ),
ሶܾ = ̂ߟଶଵ߱ଶ଴ ߰cos߮ −
1
2 ߚመ  ଶ
 ܾ + 12߱ଶ଴ ݃ଶܾcos߱ଶ଴߬ଶ −
1
2 ଵܾ݃sin߱ଶ଴߬ଶ +
̂ߟଶଶܨ଴
2߱ଶ଴ sin߶,
ܾ߶ሶ = ̂ߟଶଵ߱ଶ଴ (߰sin߮ + ߞ) +
̂ߟଶଶܨ଴
2߱ଶ଴ cos߶ +
1
2 ଵܾ݃cos߱ଶ଴߬ଶ −
1
2߱ଶ଴ ݃ଶܾsin߱ଶ଴߬ଶ + ܾߪ,
 (24)
where: 
ܧ = ܾଵܽ +
3
4 ܾ଺ܽ
ଷ߱ଵ଴ଶ +
1
2 ଼ܾܾܽ
ଶܨ = 12 ܾଶܾ +
1
4 ܾ଻ܽ
ଶܾ߱ଵ଴ଶ +
3
8 ܾଽܾ
ଷ, 
߰ = 12 ܫଵܽ߱ଵ଴ +
3
8 ܫ଺ܽ
ଷ߱ଵ଴ଷ +
1
4 ଼ܫ ܾܽ
ଶ߱ଵ଴ߞ =
1
2 ܫଶܾ +
1
4 ܫ଻ܽ
ଶܾ߱ଵ଴ଶ +
3
8 ܫଽܾ
ଷ. 
When the rolling system is stable, there is, ሶܽ = ሶܾ = 0; ߠሶଵ = ߠሶଶ = 0; The main resonance 
amplitude frequency equation of the system is obtained after the elimination of ߮ and ߮: 
ቈ ̂ߟଵଵ߱ଵ଴ ߰ +
̂ߟଵଶܧ
2 −
ߚመଵܽ
2 ቉
ଶ
+ ሾܽ(ߪ − ߪଵ)ሿଶ = ൤
̂ߟଵଵߞ + ̂ߟଵଶܨ
߱ଵ଴ ൨
ଶ
, (25)
൤2̂ߟଶଵ߱ଶ଴ (߰sin߮ + ߞ) + 2ܾߪ +
ଵܾ݃
߱ଶ଴ cos߱ଶ଴߬ଶ − ݃ଶܾsin߱ଶ଴߬ଶ൨
ଶ
     + ൤2̂ߟଶଵ߱ଶ଴ ߰cos߮ + ݃ଶܾcos߱ଶ଴߬ଶ −
ଵܾ݃
߱ଶ଴ sin߱ଶ଴߬ଶ − ߚ
መଶܾ൨
ଶ
= ൬̂ߟଶଶܨ଴߱ଶ଴ ൰
ଶ
,
 (26)
where: 
cos߮ = −ܽ߱ଵ଴(ߪ − ߪଵ)̂ߟଵଵߞ + ̂ߟଵଶܨ ,    sin߮ = −
2̂ߟଵଵ߰ + ̂ߟଵଶ߱ଵ଴ܧ − ߱ଵ଴ߚመଵܽ
2̂ߟଵଵߞ + 2̂ߟଵଶܨ . 
5. Characteristic analysis and control of strip mill   
Selecting the actual parameters of 1780 mm rolling mill of Chengde Iron and Steel Co., Ltd as 
an example. The characteristic of coupling vibration model is numerically analyzed. The 
corresponding system parameters in the model are shown in Table 1. 
5.1. Vibration time domain control of rolling mill system  
The vibration of the rolling mill system is very likely to occur high frequency self-excited 
vibration because of its sudden and divergent characteristics. If the vibration divergence behavior 
of the mill the roll system is controlled, the limit cycle amplitude of the mill the roll system 
converges to a small range, which enhances the stability of the system to a certain extent. Based 
on this, the control effect of the stability of the limit cycle amplitude of the roller system vibration 
is tested.  
Fig. 2 shows the time history curve and phase diagram of noncontrolled system.  
Fig. 3 shows the time history curve and phase diagram when ଵ݃ =  10000, ݃ଶ =  50,  
߬ଵ = 0.75ܶ, ߬ଶ = 0. 
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Table 1. Parameters of rolling mill system 
Parameters Values 
Mass of up rolls (ܯ) 1.44×105 kg 
Stiffness of up rolls (ܭ) 2.08×106 N/m 
Damping of up rolls (ܥ) 1.04×106 N·s/m 
Mass of rolled piece (݉) 0.6318 kg 
Forward stiffness of rolled piece (݇௙) 7.58×107 N/m 
Backward stiffness of rolled piece (݇௕) 1.10×108 N/m 
Damping of rolled piece (ܿ) 5.20×103 N·s/m 
Width of rolled piece (ܤ) 1.5 m 
Amplitude of external excitation (ܨ଴) 0.5 MN 
Thickness of pre-rolling rolled piece (ܪഥ) 0.0145 m 
Entrance thickness of rolled piece (ܪ) 0.0141 m 
Exit thickness of rolled piece (ℎ) 0.0082 m 
Rotational speed of work roll ( ݒ଴) 2.5 m/s 
Roll diameter (ܦ) 0.84 m 
Density of rolled piece (ߩ) 7.8×103 kg·m-3 
Forward tension of rolled piece (߬௙) 3.8 MPa 
Backward tension of rolled piece (߬௕) 5.5 MPa 
 
 
a) Time history curve 
 
b) Phase diagram 
Fig. 2. Time history curve and phase diagram of noncontrolled system  
 
a) Time history curve 
 
b) Phase diagram 
Fig. 3. Time history curve and phase diagram when ݃ଵ = 10000, ݃ଶ = 50, ߬ଵ = 0.75ܶ, ߬ଶ = 0 
Fig. 4 shows the time history curve and phase diagram when ଵ݃ = 15000, ݃ଶ = 50, ߬ଵ = 0, 
߬ଶ = 0.75ܶ . It can be seen from the comparison of the simulation results that the vibration 
amplitude of the system without the feedback function increases slowly at the moment of 
oscillation and finally reaches a stable oscillation, and the amplitude and the convergence of the 
system introduced the delayed feedback control function can be improved by adjusting the gain 
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coefficient and the time delay. In the case of ଵ݃ = 10000, ݃ଶ = 50, ߬ଵ = 0.75ܶ , ߬ଶ = 0, the 
vibration amplitude of the roll system of the rolling mill is similar to that of the constant amplitude 
oscillation, and the vibration amplitude of the system is reduced and the amplitude of the limit 
cycle is stable. In the case of ଵ݃ = 15000, ݃ଶ = 50, ߬ଵ = 0, ߬ଶ = 0.75ܶ, the vibration amplitude 
of the roll system of the rolling mill is convergent and the amplitude of the limit cycle is stable, 
and the vibration amplitude of the roller system is further reduced. 
 
a) Time history curve   
 
b) Phase diagram 
Fig. 4. Time history curve and phase diagram when ݃ଵ = 15000, ݃ଶ = 50, ߬ଵ = 0, ߬ଶ = 0.75ܶ 
5.2. Vibration amplitude frequency control of rolling mill system 
In the amplitude frequency curve, if the amplitude frequency curve jumps, the amplitude of 
the system will be switched back and forth at the same frequency, which is not conducive to the 
stable operation of the system. In order to avoid the jumping phenomenon of the amplitude 
frequency curve of the mill the roll system, the velocity feedback gain coefficient and the time 
delay parameters are adjusted to eliminate the vibration of the roller system.  
 
Fig. 5. Amplitude frequency curve with ݃ଵ 
 
Fig. 6. Amplitude frequency curve with ݃ଶ 
It can be seen from the simulation results that with the change of the feedback parameters, the 
jump phenomenon of the roller vibration amplitude will be changed to some extent. Fig. 5 shows 
that with increasing of the displacement feedback gain coefficient ଵ݃, the amplitude of vibration 
of rolls along the ridge and valley line decreases, when the value of ଵ݃ orders of magnitude greater 
than 105, rolling mill vibration amplitude jump phenomenon disappeared. Fig. 6 shows that when 
the value of ݃ଶ is 200, the phenomenon of “jump” disappears. However, when the ݃ଶ value is 
between 0-200, the vibration amplitude decreases. The frequency range of the jumping 
phenomenon in the roll system of rolling mill increases, and the stability of the system is  
weakened. Fig. 7 shows that the changes of the parameters ߬ଵ delay will not only change the 
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rolling mill vibration amplitude, the frequency interval will influence the natural frequency of 
vibration of rolling mill rolls and jump phenomenon. Fig. 8 shows that compared to the effect of 
߬ଵ, the change of ߬ଶ did not change the natural frequency of vibration mill. With ߬ଶ changes, 
rolling mill vibration amplitude along the ridge and valley line becomes larger or reduced, when 
߬ଶ =  0.5ܶ , the system jump phenomenon disappeared, rolling system restore stability. The 
parameters in ܨܿ work together when one parameter changes, the other three parameters are fixed 
value but not zero. Any other one parameter is zero, it will affect the overall control effect of the 
system. 
 
Fig. 7. Amplitude frequency curve with ߬ଵ 
 
Fig. 8. Amplitude frequency curve with ߬ଶ 
5.3. Bifurcation stability control of main resonance of rolling mill the roll system  
Elimination of Eq. (22) in the ܽ, get: 
ܿଵܾ଺ + ܿଶܾସ + ܿଷܾଶ + ܿସ = 0, (27)
where: 
ܿଵ = ൤
̂ߟଶଵ
߱ଶ଴ ൬
̂ߟଵଵܫ଻଼ܫ + 2̂ߟଵଶܫ଻଼ܾ
12(ܫ଺̂ߟଵଵ + ܾ଺̂ߟଵଶ) +
3
8 ܫଽ൰൨
ଶ
,   ܿସ = − ൬
̂ߟଶଶܨ଴
2߱ଶ଴ ൰
ଶ
, 
ܿଶ =
̂ߟଶଵଶ
߱ଶ଴ଶ ൬
̂ߟଵଵܫ଻଼ܫ + 2̂ߟଵଶܫ଻଼ܾ
12(ܫ଺̂ߟଵଵ + ܾ଺̂ߟଵଶ) +
3
8 ܫଽ൰ ×
ۉ
ۈ
ۇܫଶܾ +
2̂ߟଵଵܫ଻ܫଵ − 2ߚመଵܫ଻ + 2̂ߟଵଶܾଵܫ଻
3(ܫ଺̂ߟଵଵ + ܾ଺̂ߟଵଶ)
+ 12߱ଶ଴ ଵ݃cos߱ଶ଴߬ଵ +
1
2 ݃ଶsin߱ଶ଴߬ଶی
ۋ
ۊ, 
ܿଷ = ቈ
̂ߟଶଵ
߱ଶ଴ ቆ
1
2 ܫଶܾ +
4̂ߟଵଵܫ଻ܫଵ − 4ߚመଵܫ଻ + 4̂ߟଵଶܾଵܫ଻
12(ܫ଺̂ߟଵଵ + ܾ଺̂ߟଵଶ) ቇ቉
ଶ
+ ൬12 ߚመଶܾ +
1
2߱ଶ଴ ଵ݃sin߱ଶ଴߬ଵ +
1
2 ݃ଶcos߱ଶ଴߬ଶ൰
ଶ
. 
Divide both ends of the type (27) at the same time by ܿଵ, the standard form is: 
ݖ଺ + ߙݖସ + ߚݖଶ + ߤ = 0, (28)
where: 
ߙ = ܿଶܿଵ ,    ߚ =
ܿଷ
ܿଵ ,    ߤ =
ܿସ
ܿଵ. 
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According to the Singularity theory, Eq. (28) is the universal unfolding of the paradigm 
݃(ݖ, ߤ) = ݖ଺ + ߤ = 0, the transfer of the system is Bifurcation set: ܤ଴ = ܤଵ = Φ; 
Lag point set: ܪ଴ = ሼߚ = 0ሽ; ܪଵ = ሼߙଶ − 3ߚ = 0; ߙ ≤ 0ሽ; 
Double limit point set: ܦ = ሼߙଶ − 4ߚ = 0; ߙ ≤ 0ሽ; 
Transition set of the system is: ∑ = ܤ଴ ∪ ܤଵ ∪ ܪ଴ ∪ ܪଵ ∪ ܦ. 
The transition set of the system is calculated by MATLAB, and the region of the transfer set 
is shown in Fig. 9. It can be seen from the Fig. 9 that the 3 boundary of the transfer set divides the 
system into two real parameter regions. Selecting a representative point in the 3 borderline and 3 
sub regions, the corresponding bifurcation topology of the system is analyzed, as shown in  
Fig. 10.  
 
Fig. 9. Transition sets of the system parameters  
 
Fig. 10. Bifurcation diagram of the system  
It can be seen from the Fig. 9 and Fig. 10 that the topological diagram of the system bifurcation 
presents the stable state of the unique solution when the combination of the opening and closing 
parameters is in the regionΙ. When the combination of the opening and closing parameters of the 
system passes through the critical state of the ܪଵ, the vibration amplitude of the roller system 
become unstable; When the bifurcation parameter is near the zero value, the amplitude of the roll 
system of the rolling mill jumps several times. After the opening and closing parameters enter the 
parameter III region through the critical state of the bipolar line point set ܦ , the bifurcation 
parameter interval of the vibration amplitude of the roller system is gradually expanded. At the 
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same time, the vibration amplitude of the mill the roll system in response to the parameter is in 
the positive range of bifurcation parameter. In this region, the rolling mill vibration system 
becomes more sensitive to the change of the opening parameters. 
The transition set and bifurcation topology of the system without control are also shown in  
Fig. 9 and Fig. 10. As can be seen from the analysis of Fig. 10, the system exhibits strong 
instability in the parameter III region. Therefore, in this section, the static bifurcation behavior of 
the system is controlled by the example of the parameter.  
 
Fig. 11. Static bifurcation diagram of the system with the change of control parameters  
Fig. 11 is the static bifurcation control diagram of the system under the condition of the main 
resonance. Among them, ଵ݃ and ݃ଶ determine the value of ߙ and ߚ. The proper selection of ଵ݃ 
and ݃ଶ  value can make the system fall into different regions of the transfer, and ultimately 
determine the movement of the system. From the simulation results of Fig. 11, we can see that 
with the change of ଵ݃ and ݃ଶ value, the vibration of the system changes from instability to critical 
stability, and finally reaches a stable motion.  
As for exerting the addition force on the system, the utility model can be applied to the 
hydraulic cylinder of rolling mill, and the vibration of the roller can be controlled by adding a 
vibration absorber. 
Zhaolun Liu contributed significantly to date analyses and wrote the manuscript. Jiahao Jiang 
contributed to the manuscript preparation and programming. Peng Li helped perform the analysis 
with constructive discussions. Guixiang Pan performed the data analyses. Bin Liu contributed to 
the conception of the study and revised the manuscript. 
6. Conclusions 
Considering the effect of horizontal vibration of rolled piece, a coupling vibration model of 
the roll system is established. By introducing the time delay feedback into the coupling system, a 
coupled vibration control model of rolling mill is proposed. Then by using the multiple scales 
method, the amplitude frequency response equation considering the system principal resonance 
and internal resonance are obtained. Finally, the influence of the feedback gain parameter and time 
delay on the amplitude frequency characteristic of roll system is studied. At the same time, the 
jumping phenomenon that avoids the bifurcation of the vibration amplitude of the roll system of 
the rolling mill is given. Through the analysis of numerical simulation, the main conclusions are 
obtained as follows: 
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1) According to the singularity theory, the transition sets and bifurcation diagrams are obtained 
under the condition of the main resonance and internal resonance. The results show that the 
stability of the system is different with the change of bifurcation parameters. If the bifurcation 
parameter is chosen properly, the “jump phenomenon” often appears in the amplitude frequency 
curve of the system will be reduced or even avoided. 
2) By introducing the feedback of displacement and velocity, the control effect of the system 
is obtained. By adjusting the parameters of feedback gain and time delay, the bifurcation behavior 
of the roll vibration is effectively suppressed, which greatly improves the ability of the system to 
resist the disturbance of parameters and external excitation.  
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